Abstract. This paper brings the main definitions and results from "The Ramanujan Property for Simplicial Complexes". No proofs are given.
Introduction
Let X be a connected k-regular graph. Denote by λ(X) the maximal absolute value of an eigenvalue of the adjacency matrix of X, excluding k and −k. Graphs for which λ(X) is bounded away from k are called expander graphs. They enjoy many good combinatorial properties; see [27] for a survey.
The graph X is called Ramanujan if λ(X) ≤ 2 √ k − 1. This definition is motivated by the Alon-Boppana Theorem [37] , stating that for any ε > 0, only finitely many non-isomorphic k-regular graphs satisfy the tighter bound λ(X) ≤ 2 √ k − 1 − ε. Furthermore, the interval [−2 √ k − 1, 2 √ k − 1] is the spectrum of the k-regular tree ( [45, p. 252, Apx. 3] , [22, Th. 3] ), which is the universal cover of any k-regular graph. Ramanujan graphs can therefore be thought of as having the smallest possible spectrum one can expect of an infinite family of graphs, or as finite approximations of the infinite k-regular tree.
The spectral properties of Ramanujan graphs manifest in some desired combinatorial properties. For example, Ramanujan graphs are supreme expanders, and have a large chromatic number if not bipartite. Some known constructions have large girth as well. Constructing infinite families of non-isomorphic k-regular Ramanuajan graphs is considered difficult. The first such families were introduced by Lubotzky, Phillips and Sarnak [26] and independently by Margulis [34] , assuming k − 1 is prime. Morgenstern [36] has extended this to the case k − 1 is a prime power. These works rely on deep results of Delinge [7] and Drinfeld [8] concerning the Ramanujan-Petersson conjecture for GL 2 . The existence of infinitely many k-regular bipartite Ramanujan graphs for arbitrary k was later shown by Marcus, Spielman and Srivastava [33] using different methods; the non-bipartite case remains open.
A high-dimensional generalization of Ramanujan graphs, called Ramanujan complexes, was suggested by Cartwright, Solé andŻuk [6] , and later refined by Lubotzky, Samuels and Vishne [31] (see [20] for another generalization of Ramanujan graphs). These complexes are quotients of the affine Bruhat-Tits building of PGL d (F ), denoted B d (F ), where F is a non-archimedean local field. The building B d (F ) is a contractible simplicial complex of dimension d − 1; its construction is recalled in 6A below. The spectrum of a quotient of B d (F ), i.e. a simplicial complex whose universal cover is B d (F ), consists of the common spectrum of a certain family of d − 1 linear operators associated with the quotient, called the Hecke operators. According to Lubotzky, Samuels and Vishne [31] , a quotient of B d (F ) is Ramanujan if its spectrum, which is a subset of C d−1 , is contained in the spectrum of the universal cover B d (F ) together with a certain family of d points in C d−1 , called the trivial spectrum.
Li [25, Thm. 4 .1] proved a theorem in the spirit of the Alon-Boppana Theorem for quotients of B d (F ): If {X n } n∈N is a family of such quotients satisfying a mild assumption, then the closure of the union of the spectra of {X n } n∈N (in C d−1 ) contains the spectrum of the universal cover B d (F ). Ramanujan complexes can therefore be thought of as having the smallest possible spectrum that can be expected of an infinite family, or as spectral approximations of the universal cover B d (F ), similarly to Ramanujan graphs. When d = 2, the complex B d (F ) is a regular tree, and Ramanujan complexes are just Ramanujan graphs in the previous sense.
The existence of infinite families of Ramanujan complexes was shown by Lubotzky, Samuels and Vishne in [31] (see also [30] ), using Lafforgue's proof of the Ramanujan-Petersson conjecture for GL d in positive characteristic [23] . 1 Li [25] has independently obtained very similar results using a special case of the conjecture established by Laumon, Rapoport and Stuhler [24, Th. 14.12].
2 As in the case of graphs, Ramanujan complexes enjoy various good combinatorial properties: They have high chromatic number [10, §6] , good mixing properties [10, §4] , they satisfy Gromov's geometrical expansion property [13] (see also [16] , [21] ), and the constructions of [31] have high girth in addition [28] .
The Ramanujan property of quotients of B d (F ) is measured with respect to the spectrum of the Hecke operators. In a certain sense, to be made precise below, these operators capture all spectral information in dimension 0. Therefore, we regard the spectrum of Lubotzky, Samuels and Vishne as the 0-dimensional spectrum. However, one can associate other operators with a simplicial complex such that their spectrum affects combinatorial properties. For example, this is the case for the high-dimensional Laplacians; see for instance [41] , [14] , [15] , [40] . Other examples are adjacency operators between various types of facets. These operators are high-dimensional in nature and so their spectrum is a priori not determined by the spectrum of the Hecke operators. The work [11] , which is summarized in this manuscript, treats these and other high-dimensional operators, and constructs examples of complexes which are Ramanujan relative to such operators.
In more detail, let X be a simplicial complex and let G be a group of automorphisms of X satisfying certain mild assumptions. For example, one can take X to be a k-regular tree T k and G = Aut(T k ), or X = B d (F ) and G = PGL d (F ). Even more generally, X can be an affine Bruhat-Tits building (see [1] ), and G can be a group of automorphisms acting on X in a sufficiently transitive manner. We consider quotients of X by subgroups of G, called G-quotients for brevity, and associate several types of spectra with each of them. Among these spectra is the (non-oriented) i-dimensional spectrum. When X = T k and G = Aut(T k ), or when X = B d (F ) and G = PGL d (F ), our 0-dimensional spectrum coincides with the spectra of quotients of regular graphs and quotients of B d (F ) discussed earlier.
The main results of [11] are as follows:
(1) If {X n } n∈N is a family of G-quotients of X satisfying a mild assumption, then the closure of n∈N Spec(X n ) contains Spec(X ) (Theorem 4.1). This generalizes Li's aforementioned theorem, and leads to a notion of Ramanujan G-quotients of X : ( * ) A G-quotient of X is Ramanujan (relative to a particular type of spectrum) if its spectrum is contained in the union of the spectrum of X with the trivial spectrum (Definition 4.6).
In analogy with Ramanujan graphs and Ramanujan complexes, Ramanujan Gquotients have the smallest possible spectrum one can expect of an infinite family of G-quotients of X , or alternatively, they can be regarded as spectral approximations of the covering complex X . When X is a k-regular tree (resp. B d (F )), the quotients of X which are Ramanujan in dimension 0 are precisely the Ramanujan graphs (resp. Ramanujan complexes in the sense of [31] ). Next, we give a representation-theoretic criterion for being Ramanujan (Theorem 5.2): Let Γ ≤ G be a subgroup such that Γ\X is a finite simplicial complex and X → Γ\X is a cover map.
(2) Let x 1 , . . . , x t be representatives for the orbits of the action of G on the idimensional cells in X , and write
The completely Ramanujan condition means that the complex is Ramanujan with respect to "any type" of spectrum. In particular, it is Ramanujan in all dimensions and Ramanujan relative to all high-dimensional Laplacians. However, it is also Ramanujan relative to other operators such as the adjacency operator of the graph obtained from Γ\X by taking triples of vertices (u 1 , u 2 , u 3 ) with
The result (2) can be refined into a one-to-one correspondence between the i-dimensional spectrum of Γ\X and a certain class of G-subrepresentations of L 2 (Γ\G) (Theorem 5.3). In case X is the affine Bruhat-Tits building of a simple algebraic group G over the global field of F , G = G(F ), and Γ is an arithmetic cocompact lattice in G, our criterion can be restated in terms of automorphic representations of G (Theorem 6.5). The latter is used together with deep results about automorphic representations (particularly [23] and [3] ) to show:
3 It should be pointed out that this does not mean that the regular graph obtained in this manner is Ramanujan. Rather, the spectrum of its adjacency operator is contained in the union of the spectrum of the adjacency operator of the graph obtained from X and the trivial spectrum. Particular G-quotients of B d (D) which are completely Ramanujan are constructed in 6B. When D = F , our Ramanujan G-quotients are the Ramanujan complexes constructed by Lubotzky, Samuels and Vishne [31] . Thus, the Ramanujan complexes of [31] , which are Ramanujan in dimension 0 according to our setting, are in fact completely Ramanujan. When d = 2, our construction gives rise to Ramanujan graphs, which seem to be new when D = F .
The paper is organized as follows: Section 1 is a brief introduction to the spectral theory of * -algebras. It brings some auxiliary definitions and results used later in the text. Section 2 recalls simplicial complexes and certain facts about ℓ-groups acting on them. In Section 3, we introduce our notion of spectrum together with examples and supplementary results. In Section 4, we present a generalization of Li's Theorem (reminiscent of the Alon-Boppana Theorem) and introduce the trivial spectrum, which leads to the definition of Ramanujan quotients. Section 5 gives a representation-theoretic criterion for a quotient of X to be Ramanujan. Some consequence are discussed. Finally, in Section 6, we recall the construction of the affine Bruhat-Tits building of PGL d (D) and describe an infinite family of completely Ramanujan quotients of it, provided char F > 0. We also explain how the problem is translated into a statement about automorphic representations.
Notation
Throughout, all vector spaces are over C. An algebra means a unital C-algebra. Modules are assumed to be unital. 4 Subalgebras are not required to have the same unity as the ambient algebra. For an algebra A, a left A-module V and a ∈ A, denote by a| V the linear operator [ 
If V is a Hilbert space, then S 1 (V ) denotes the unit sphere of V . If X is a set, then we write Y ⊆ f X to denote that Y is a finite subset of X.
For a set X, we letl 2 (X) denote the set of functions ϕ : X → C with finite support. We endowl 2 (X) with the inner product ϕ, ψ = x∈X ϕx · ψx.
This makesl 2 (X) into a pre-Hilbert space. Its completion is the Hilbert space of square-summable functions on X, denoted ℓ 2 (X). The vector spacel 2 (X) admits a standard basis {e x } x∈X defined by
If Y is another set and f : X → Y is any function, then we define f * :
In particular, we have
Recall that an ℓ-group is a locally compact totally disconnected Hausdorff topological group. Such groups admit a basis of neighborhoods at the identity consisting of compact open subgroups.
* -Algebras
In the basis of our definition of spectrum of simplicial complexes lies the spectral theory of idempotented * -algebra, as developed in [11, Ch. 2] . We shall restrict here to unital * -algebra for the sake of simplicity. General * -algebras are discussed in [39] , for instance.
1A. Unitary Representations. Let A be an algebra. An involution on A is a map * : A → A such that a * * = a, (a + b)
for all a, b ∈ A and α ∈ C. A * -algebra is an algebra A equipped with an involution, which is always denoted by * .
Example 1.1. The commutative algebra A = C[X 1 , . . . , X t ] is a * -algebra with respect to the unique involution * satisfying X * i = X i for all i.
A unitary representation of A is a Hilbert space V equipped with a left A-module structure such that
* v for all a ∈ A and u, v ∈ V , (U2) for all a ∈ A, the operator a| V : V → V is bounded. 
We now recall several well-known facts about unitary representations. 
1B. Spectrum and The Unitary Dual. Let A be a * -algebra. The isomorphism class of V ∈ Rep u (A) is denoted [V ] . The set of isomorphism classes of irreducible unitary representations of A is called the unitary dual of A and denoted
Example 1.5. Consider A = C[X 1 , . . . , X t ] with the unique involution satisfying X * i ∼ = X i . By Corollary 1.3, irreducible unitary representations of A are 1-dimensional. In particular, they are irreducible A-modules. For λ = (λ 1 , . . . , λ t ) ∈ C, let V λ = A/ X 1 − λ 1 , . . . , X t − λ t . It is well-known that {V λ | λ ∈ C t } form a complete set irreducible A-modules up to isomorphism. However, only those V λ for which λ ∈ R t can be made into unitary representations of A. The unitary dual of A is therefore in one-to-one correspondence with R n . Explicitly, the isomorphism
. . , X t | V ). More generally, if A is any commutative * -algebra generated as a * -algebra by a 1 , . . . , a t , then the map
gives an embedding of A in C t . See [11, Rm. 2.23 ] for details about its image.
We make A into a topological space as follows:
to be the set of all isomorphism classes [U ] ∈ A for which there is u ∈ U such that
Note that u is not required to be a unit vector. The possible sets N V,v,ε,F form a subbasis for a topology on A.
We say that V is weakly contained in V ′ and write
The following proposition shows that when A is commutative and generated as a * -algebra by a 1 , . . . , a t , there is a topological embedding of A in C t such that for every
The A-spectrum is therefore essentially equivalent to the common spectrum of (a 1 , . . . , a t ).
Proposition 1.6 ([11, Pr. 2.22]).
Assume A is commutative and generated as a * -algebra by a 1 , . . . , a t . For V ∈ Irr u (A), denote denote by λ V ∈ C t the unique common eigenvalue of (a 1 , . . . , a t ) on V (cf. Corollary 1.3). Then the map
Finally, a subset S ⊆ A is bounded if and only if its image in C t is bounded.
The unitary dual of finitely generated non-commutative algebras is not Hausdorff in general [11, Ex. 2.24] .
We mention here several useful results about the A-spectrum.
, then BV is a unitary representation of B (notice that BV is closed in V since B has a unity). When the unities of B and A are the same, we have BV = V . The following theorem shows that the A-spectrum of V determines the B-spectrum of BV .
, and let a 1 , . . . , a t ∈ A be elements generating a commutative * -subalgebra of A. Then
Theorem 1.12 ([11, §2I])
. Let e ∈ A be an idempotent with e * = e and let f = 1−e. Then eV ∈ Irr u (eAe) for all V ∈ Irr u (A) with eV = 0, and for all
, and vice versa.
In general, it is not true that for every U ∈ Irr u (eAe) there is V ∈ Irr u (A) with
1D. Pre-Unitary Representations. Let A be a * -algebra. A pre-unitary representation of A is a pre-Hilbert space V endowed with a left A-module structure satisfying conditions (U1) and (U2) of 1A.
If V is a pre-unitary representation, then the action of A extends to the completion V , which then becomes a unitary representation. The A-spectrum of V is defined to be the A-spectrum of V .
Simplicial Complexes
2A. Simplicial Complexes. Recall that a simplicial complex consists of a nonempty set of finite sets X such that subsets of sets in X are also in X. A partially ordered set (Y, ≤) that is isomorphic to (X, ⊆) for some simplicial complex X will also be called a simplicial complex.
The elements of a simplicial complex X are called cells. It is locally finite if every cell in X is contained in finitely many cells. We let X (i) denote the sets in X of cardinality i + 1. Elements of X (i) are called i-dimensional cells, or just i-cells. The vertex set of X is X vrt := x∈X x. By abuse of notation, we sometimes refer to elements of X (0) as vertices. The dimension of X is the maximal i such that
, is the minimal t ∈ N such that there exists a sequence of cells y 1 . . . , y t with x ⊆ y 1 , x ′ ⊆ y t and y i ∩ y i+1 = ∅ for all 1 ≤ i < t. We further set d(x, x) = 0. (This agrees with the combinatorial distance in graphs.) The ball of radius n around x, B X (x, n), consists of the cells in X of distance n or less from x. When X is locally finite, all the balls B X (x, n) (x = ∅) are finite. We say that X is connected if X = n≥0 B X (x, n) for some (and hence all)
and X → Y are also denoted f . A morphism f : X → Y is a cover map if it is a cover map when X and Y are realized as topological spaces in the obvious way. This is equivalent to saying that f : X vrt → Y vrt is surjective and the induced map f : {x ∈ X : v ∈ x} → {y ∈ Y : f (v) ∈ y} is bijective for all v ∈ X vrt . In this case, the deck transformations of f : X → Y are the automorphisms h of X satisfying f • h = f . We let Cov denote the category of locally finite connected simplicial complexes with cover maps as morphisms.
Henceforth, simplicial complexes are assumed to be connected and locally finite.
2B. Orientation. Let X be a simplicial complex. An ordered cell in X consists of a pair (x, ≤) where x ∈ X and ≤ is a full ordering of the vertices of x. Two orders on x are equivalent if one can be obtained from the other by an even permutation. We denote by [x, ≤] the equivalence class of (x, ≤) and call it an oriented cell. When |x| > 1, we also write [x, ≤] op to denote x endowed with orientation different from the one induced by ≤.
The collection of oriented i-dimensional cells is denoted
ori ) makes all three spaces into pre-Hilbert spaces. We further write
ori ) and endow them with the inner product ϕ, ψ
is the space of i-dimensional forms (resp. anti-forms) on X.
Observe that Ω ± i is a covariant functor from Cov to pHil, the category of pre-Hilbert spaces with (non-continuous) linear maps as morphisms; a morphism f : X → Y in Cov is mapped to the linear map f * :
ori ) determined by f e x = e f x for all x ∈ X 
) (as pre-Hilbert spaces). We will therefore occasionally identify Ω
Recall that the boundary map ∂ i+1,X : Ω
(v j means omitting the j-th entry). It is easy to check that δ * i,X = ∂ i+1,X . The upper, lower and total i-dimensional Laplacians are defined by
2C. Group Actions. Let G be an ℓ-group (see the notation section). By a Gcomplex we mean a (locally finite, connected) simplicial complex X on which G acts faithfully via automorphisms and such that for all nonempty x ∈ X , the stablizer Stab G (x) is a compact open subgroup of G. The ℓ-groups G for which a given simplicial complex X is a G-complex are characterized in the following proposition.
. Let X be a simplicial complex. Give X the discrete topology and Aut(X ) the topology of pointwise convergence. Then:
is a closed embedding.
A G-complex X is called almost transitive if G\X is finite.
Example 2.2 ([11, Ex. 3.4])
. Let G be an almost simple algebraic group over a nonarchimedean local field F , let Z be the center of G, and let G = G(F )/Z(F ). 6 Let B be the affine Bruhat-Tits building of G (see [47] , [5] ; a more elementary treatment in the case G is classical can be found in [2] ). The building B is a simplicial complex carrying a faithful left G-action making it into an almost transitive G-complex.
Let X be a G-complex and let Γ be a subgroup of G. The partial order on X induces a partial order on Γ\X given by Γx ≤ Γy ⇐⇒ γx ⊆ y for some γ ∈ Γ. However, Γ\X is not a simplicial complex in general [11, Ex. 3.5(ii)], and even when this is the case, the projection map x → Γx : X → Γ\X may not be a cover map [11, Ex. 3.6] . When both conditions hold, we call Γ\X a G-quotient of X and write
In this case, Γ coincides with the group of deck transformations of X → Γ\X [11, Pr. 3 In this case, dim(Γ\X ) = dim X and the map x → Γx : X → Γ\X is a morphism of simplicial complexes. The latter map is a cover map if and only if
In this case, Γ acts freely on X − {∅} and Γ is discrete in G.
The proposition can be used to prove the following elegant criterion for when Γ ≤ X G.
We finish with noting that if Γ ≤ X G, then Γ\X is finite if and only if Γ is cocompact in G, and in this case G is unimodular [11, Pr. 3.13 ].
Spectrum in Simplicial Complexes
In this section, we introduce our notion of spectrum of simplicial complexes. Our definition is general and we shall demonstrate how it specializes to other notions of spectrum considered in the literature, e.g. the spectrum of k-regular graphs. The idea is to choose a * -algebra of operators whose spectrum we wish to investigate and apply the spectral theory of Section 1.
3A. Associated Operators. Let C be a subcategory of Cov, the category of locally finite connected simplicial complexes with cover maps as morphisms (2A), and let F be a (covariant) functor from C to pHil, the category of pre-Hilbert spaces with (non-continuous) linear maps as morphisms. §4C] ). An associated operator of (C , F ), or just a (C , F )-operator, is a natural transformation a = {a X } X∈C : F → F that admits a dual, i.e. a natural transformation a * = {a * X } X∈C : F → F such that for all X ∈ C , the operator a * X is the dual of a X : F X → F X relative to the inner product of F X.
The collection of all (C , F )-operators is denoted
An algebra of (C , F )-operators is a subset of A(C , F ) that is closed under addition, composition, scaling by elements of C, and taking the dual transformation.
The definition still works if one replaces Cov with the category of locally finite connected simplicial complexes with arbitrary morphisms. In the next examples, we identify Ω . Let C ⊆ Cov be the full subcategory of kregular graphs. For X ∈ C , the vertex adjacency operator a 0,X : Ω
where the sum is taken over all v ∈ X (0) connected by an edge to u. Then a 0 := {a 0,X } X∈C is an associated operator of (C , Ω 
That is, the evaluation of a i;j,X ϕ at an i-cell x adds the values of ϕ on i-cells y whose union with x is a j-cell. (In the notation of Example 3.3, we have a 0,X = a 0;1,X .) Then a i;j is a (Cov, Ω + i )-operator and the algebra spanned by a i;i+1 , . . . , a i;2i+1 is an algebra of (Cov, Ω + i )-operators. It is not commutative when i > 0. 3B. Spectrum. Let A be algebra of (C , F )-operators and let X ∈ C . Then A acts on F X via a · v = a X v (a = {a X } X∈C ∈ A, v ∈ F X; the action is not necessarily unital). If the elements of A act continuously on F X, then AF X is a pre-unitary representation of A, and we define the A-spectrum of X to be
When C is understood from the context, we call Spec
(X)) the non-oriented (resp. oriented, full) i-dimensional spectrum, and denote it by Spec i (X) (resp. Spec −i (X), Spec ±i (X)). There is no ambiguity for i = 0 since Ω where a 0 is the vertex adjacency operator of Example 3.3. By Proposition 1.6, we can identify A 0 with a subset of C (this set is R, in fact) such that for all V ∈ Rep u (A 0 ), the set Spec A0 (V ) corresponds to Spec(a 0 | V ). Therefore, for all X ∈ C , the datum of Spec A0 (X) is equivalent to the spectrum of the vertex adjacency operator of X. Otherwise stated, the (non-oriented) 0-dimensional spectrum is essentially the same as the usual spectrum of k-regular graphs.
Likewise, the non-oriented 1-dimensional spectrum turns out to be equivalent to the spectrum of the edge adjacency operator (for our particular choice of C ). Example 3.6. Let F be a local non-archimedean field, let G = PGL d (F ) and let B d (F ) be the affine Bruhat-Tits building of G (see [31, §2] or 6A below). Let C be the collection {Γ\B d (F ) | Γ ≤ B d (F ) G}. Then C can be made into a category (cf. Definition 3.7 below) such that the (non-oriented) 0-dimensional spectrum of complexes in C is equivalent to the spectrum of quotients of B d (F ) as defined by Lubotzky, Samuels and Vishne in [31] . We give more details about this in 6A.
If A is an algebra of (C , F )-operator containing an algebra B of (C , F )-operators, then the A-spectrum (when defined) determines the B-spectrum, thanks to Theorem 1.10. In addition, by Corollary 1.11, for all a 1 , . . . , a t ∈ A such that a 1 , . . . , a t , a 3C. Elementary Functors. We now restrict our attention to special families of subcategories C ⊆ Cov and functors F : C → pHil arising from almost transitive G-complexes. Henceforth, G is an ℓ-group and X is an almost transitive G-complex. •
• All other Hom-sets are empty. In particular, End C (X ) = G.
We call C (G, X ) the category of G-quotients of X . For semi-elementary F : C (G, X ) → pHil, it is possible to give an alternative description of A(C (G, X ), F ). In addition, the F -spectrum is always defined, i.e. A(C (G, X ), F ) acts continuously on F X for all X ∈ C (G, X ).
Notice that F X admits an obvious left G-action since End C (G,X ) (X ) = G. . Let C = C (G, X ), let F : C → pHil be semielementary, and write A = A(C , F ). Then:
is an isomorphism of * -algebras, where the involution on End G (F X ) is given by taking the dual with respect to the inner product on F X . (ii) For every a ∈ A, there is M = M (a) ∈ R ≥0 such that a| F X ≤ M for all X ∈ C . In particular, Spec A (X) is defined for all X ∈ C .
Let C = C (G, X ), let F : C → pHil be elementary, and write F =l 2 • S as in Definition 3.8. Theorem 3.10 allows us to identify End G (F X ) with A := A(C , F ). For a ∈ End G (F X ) and Γ\X ∈ C , the action of a on F (Γ\X ) can be described as follows: Let x ∈ SX and write ae x = y∈SX α y e y with {α y } y ⊆ C (see the notation section). Then, upon identifying S(Γ\X ) with Γ\SX as in (E3), we have Some examples demonstrating how Theorem 3.10 can be used to determine A(C (G, X ), F ) can be found in [11, §4D] . It also yields the following result.
→ pHil be semi-elementary, and let A be an algebra of (C (G, X ),
3D. Further Remarks. Let C be a subcategory of Cov and let F, F ′ : C → pHil be functors. It sometimes happen that the there are dependencies between the F -spectrum and the F ′ -spectrum. For example, the full i-dimensional spectrum determines the non-oriented and oriented i-dimensional spectra, and vice versa. See [11, §4E, §4F] for an extensive discussion about this.
We also note that if X, X ′ ∈ C are isomorphic simplicial complexes, then Spec A (X) and Spec A (X ′ ) may still differ, because X and X ′ may not be isomorphic in C . In some cases, this problem is only ostensible [11, Pr. 4.32] . However, this issue does occur for the spectrum of PGL d (F )-quotients of the affine Bruhat-Tits building of PGL d (F ) as defined in [26] (cf. Example 3.6); see [11, Rm. 4 .33] for more details.
Optimal Spectrum
For this section, let X be an almost transitive G-complex, let C = C (G, X ), let F : C → pHil be semi-elementary, and let A be an algebra of (C , F )-operators. A theorem in the spirit of the Alon-Boppana Theorem applies to the A-spectrum of G-quotients of X . . Let {Γ α } α∈I be a family of subgroups of G such that Γ α ≤ X G for all α ∈ I, and one of the following conditions, which are equivalent, is satisfied:
(1) For every compact C ⊆ G with 1 ∈ C, there exist α ∈ I and g ∈ G such that such that C ∩ g −1 Γ α g = 1 (2) For every n ∈ N, there exists α ∈ I and v ∈ X vrt such that quotient map X → Γ α \X is injective on the ball B X (v, n). Together with Proposition 1.6 the theorem implies: 
]).
Let {Γ α } α∈I be as in Theorem 4.1, and suppose a 1 , . . . , a t ∈ A(C , F ) satisfy a i a j = a j a i and a i a * We proceed with describing the trivial A-spectrum. These are special points in the unitary dual A that occur in the A-spectrum of finite G-quotients of X .
Let N be an open finite index subgroup of G. Then F X is a left N -module and we can form the space of N -coinvariants
Since A acts on F X via N -equivariant linear maps, the action of A descends to (F X ) N . It turns out that A(F X ) N can be endowed with an inner product making it into a unitary representation of A, and the unitary isomorphism class of A(F X ) N is independent of the inner product [11, Lm. 5.6] . We write . . , x t be representatives for the G-orbits in SX and write K n = Stab G (x n ) (1 ≤ n ≤ t). Let Γ ≤ X G be such that Γ\X is finite, and let N be a normal finite-index subgroup of G such that G/N is abelian. Then:
We note that in many important cases, G contains a minimal open finite index subgroup N such that G/N is abelian, in which case Proposition 4.5 applies. For example, this holds when X is a k-regular tree and G = Aut(X ) ( [46] or [35] ), or when X is the affine Bruhat-Tits building of an almost simple algebraic group G over a local field F and G = im(G(F ) → Aut(X )).
Recall from the introduction that it is of interest to construct infinite families of finite G-quotients of X such that their A-spectrum is "as small as possible", since this is likely to manifest in good combinatorial properties. The previous discussion suggests the following definition. 
14]). A G-quotient Γ\X is A-Ramamnujan if
The A-Ramanujan G-quotients of X can be regarded as those quotients whose spectrum is as small as one might expect of a decent infinite family of G-quotients. Alternatively, when finite, they can be regarded as spectral approximations of X .
Here are several possible specializations of Definition 4.6:
• Γ\X is Ramanujan in dimension i if it is Ω (ii) Let F be a non-archimedean local field, let G = PGL d (F ) and let X be the affine Bruhat-Tits building of G. It can be checked that a G-quotient of X is Ramanujan in dimension 0 if and only if it is Ramanujan in the sense of Lubotzky, Samuels and Vishne [31] ; see [11, Ex. 5.13, Ex. 5.15(ii)].
The A-Ramanujan property behaves well as A and Γ vary. ′ : C → pHil be semi-elementary functors, let A be an algebra of (C , F )-operators, and let Γ ′ ≤ Γ ≤ X G. Then:
Existence of A-Ramanujan G-quotients cannot be guaranteed in general. This follows implicitly from [29] . Rather, it is more reasonable to hope that under certain assumptions, finite G-quotients of X would admit A-Ramanujan covers; see [11, Rm. 5 .17] for further discussion.
Representation Theory
Unless otherwise indiciated, G is a unimodular ℓ-group, µ G is a fixed Haar measure of G, X is an almost transitive G-complex, and F : C (G, X ) → pHil is an elementary functor. We shall give a criterion for when Γ\X is F -Ramanujan which is phrased in terms of certain unitary representation of G. 5A. Unitary Representations. As usual, a unitary representation of G is a Hilbert space V carrying a G-module structure such that the action G × V → V is continuous and gu, gv = u, v for all u, v ∈ V , g ∈ G. The representation V is irreducible if V does not contain closed G-submodules other than 0 and V . The category of unitary representations of G with continuous G-homomorphisms is denoted Rep u (G), and the class of irreducible representations is denoted Irr u (G).
The unitary dual of G, denoted G, is the collection of unitary isomorphism classes in Irr u (G). For every K ≤ G, we write V K = {v ∈ V : kv = v for all k ∈ K}.
Example 5.1 ([11, Ex. 6.1, Ex. 6.2]). Let Γ be a discrete subgroup of G. Since G is unimodular, the left coset space Γ\G admits a right G-invariant measure µ Γ\G , unique up to scaling. Then L 2 (Γ\G) is a unitary representation of G with respect to the left G-action given by
When Γ = 1, we have µ Γ\G = µ G (up to scaling), and
We further write Representations with finite action are finite-dimensional, but the converse is false in general. However, if Γ is a cocompact lattice in G, then irreducible representations that are weakly contained in L 2 (Γ\G) have finite action if and only if they are finite dimensional [11, Lm. 6.20] . 5B. A Criterion for Being Ramanujan. 
(ii) Γ\X is completely Ramanujan if and only if every irreducible unitary representation V ≺ L 2 (Γ\G) is tempered or has finite action.
When Γ\X is finite, one can replace "finite action" with "finite dimension" and
The criterion is a consequence of the following theorem, which gives more information about how the F -spectrum of Γ\X is related to the irreducible subrepresentations of L 2 (Γ\X ). 
Then there exists an additive functor
with the following properties:
is in T A(C ,F ) (the trivial A(C , F )-spectrum) if and only if V has finite action. More precisely, we have
It is also possible to describe A(C , F ) using the Hecke algebra of G. See [11, Th. 6 .10] for details.
We now give some consequences of Theorems 5.2 and 5.3.
Marcus, Spielman and Srivastava [33] proved that every bipartite k-regular graph X has a Ramanujan double cover X ′ → X. That is, all eigenvalues of the vertex adjacency operator of X ′ not arising from X are in the interval [−2
. This was extended to covers of any prescribed degree by Hall, Puder and Sawin [17] . Using Theorem 5.3, one can show the following result, which is reminiscent of the Ramanjuan-Petersson conjecture. . Let X be a k-regular tree, let G = Aut(X ) and let H be the index-2 subgroup of G consisting of automorphisms preserving the canonical 2-coloring of X (0) . Then for any cocompact Γ ′ ≤ H and r ∈ N, there exists a sublattice Γ ′ ≤ Γ of index r such that every irreducible unitary subrepre-
The following proposition follows from Theorem 5.2 and representation-theoretic properties of the relevant group G. (ii) Let F be a local non-archimedean field, let G = PGL d (F ) with d ∈ {2, 3}, let X be the affine Bruhat-Tits building of G, and let Γ ≤ X G. Then Γ\X is Ramanujan in dimension 0 if and only if Γ\X is Ramanujan in all dimensions.
Let H be an open finite index subgroup of G. Then X is an almost transitive H-complex. For Γ ≤ X H, we can consider Γ\X both as a G-quotient and as an H-quotient of X . However, using Theorem 5.2(ii), one can show that this does not affect the completely Ramanujan property. 
Since the cardinality q of the residue field of (F, η) is finite, im(η D ) = 
We make GL d (D) into a topological group by giving it the subspace topology induced from the inclusion
2 , and give
The affine Bruhat-Tits building of G, denoted B d (D), is a simplicial complex constructed as follows: Let K be the subgroup of G generated by the images of images of We now explain why the 0-dimensional spectrum of G-quotients of B d (F ) in the sense of 3B is equivalent to the spectrum defined by Lubotzky, Samuels and Vishne in [31] (basing on Cartwright, Solé andŻuk [6] ).
The spectrum of Lubotzky, Samuels and Vishne is defined as follows: Consider the map c :
This is a (d − 1)-coloring because im(C 1 ) = Z/dZ − {0}. The coloring C 1 descends to the G-quotients of B d (F ). If X is a such a quotient, we define linear operators 6B. Ramanujan Quotients. Keep the notation of 6A. We now state our main result, which gives particular infinite families of completely Ramanujan G-quotients of B d (D). We remind the reader that we assume char F > 0.
We introduce additional notation: There is a global field k with a place η such that the completion of k at η, denoted k η , is F . Let V be the set of places of k. The additive valuation corresponding to ν ∈ V is also denoted ν. We further write
• There is θ ∈ V such that E θ is a division ring, i.e. m θ = 1.
Existence of a suitable E for any prescribed D and d follows from the AlbertBrauer-Hasse-Noether Theorem ([43, Rem. 32.12(ii)], for instance). The functor A → Aut A-alg (E ⊗ k A) from commutative k-algebras to groups is representable by an affine group scheme over k, denoted PGL 1,E . We write H = PGL 1,E for brevity. By the Skolem-Noether Theorem,
× /L × for every field extension L/k. Fix a closed embedding j : H → GL n . For any integral domain S whose fraction field L contains k, and for any I S, we write
H(S, I) = ker(H(S) → GL n (S) → GL n (S/I)) .
We assume that
•
where O E θ is defined as in 6A. The existence of an embedding j : H → GL n with this property is shown in [31, §5] .
Finally, recall that the ideals of R correspond to functions n : V − {η} → N ∪ {0} of finite support. The ideal corresponding to n is I( n) = {α ∈ R : ν(α) ≥ n(α) for all ν ∈ V − {η}} .
We write Γ( n) = H(R, I( n)) . Since H is k-anisotropic, Γ( n) is a cocompact lattice in H(k η ) = PGL d (D) (see [11, §7D] ). For every ν ∈ V − {η}, there is n 0 ∈ N such that Γ( n) 
When D = F , Theorem 6.3 is just Theorem 1.2 of [31] with the difference that we show complete Ramanujan-ness whereas [31] shows Ramanujan-ness in dimension 0 (cf. 6A). Theorem 6.3 is proved by using the criterion of Theorem 5.2(ii) together with deep results about automorphic representations, particularly the proof of the Ramanujan-Petersson conjecture for GL n in positive characteristic due to Lafforgue [23] , and the global Jacquet-Langlands correspondence for GL n in positive characteristic, established in [3] .
In the next subsection, we give brief details about how to translate the statement of Theorem 6.3 into a statement about automorphic representations, which can then be proved using results from [23] , [3] and related works. The details of the latter can be found in [11, §7F- §7I] .
6C. Automorphic Representations. Keeping all previous notation, let S ⊆ V be a finite subset and let A S denote the k-adeles away from S, namely
We give ν∈V−S O ν the product topology, and topologize A S by viewing it as a disjoint union of (additive) cosets of ν∈V O ν . If G is an algebraic group over k, then we topologize G(A S ) by choosing a closed embedding G → SL n and giving G(A S ) the topology induced from SL n (A) ⊆ M n (A) ∼ = A n 2 . This makes G(A S ) into an ℓ-group 7 ; its topology is independent of the embedding. As usual, k is embedded diagonally in A S , and we write A := A ∅ . We shall occasionally view A as k η × A {η} .
7 When char k = 0 and S does not contain all archimedean places, G(A S ) is not an ℓ-group but rather a locally compact group. Nevertheless, the discussion to follow applies when char k = 0 after some modifications.
Let G be a semisimple algebraic group over k with center Z. Recall that an automorphic representation of G is an irreducible representation V of G(A) that is weakly contained in L 2 (G(k)\G(A)) (cf. Example 5.1). Every such representation can be written as a restricted tensor product V = ′ ν∈Vν V ν with V ν ∈ Irr u (G(k ν )); see [12] or [11, §7C] . The factor V ν is called the ν-local factor of V . is compact and discrete, hence finite. Let (1, g 1 ) , . . . , (1, g t ) ∈ G(k η ) × G(A {η} ) be representatives for the double cosets. For each 1 ≤ i ≤ t, define
) and view Γ i as a subgroup of G(k η ). It is a standard fact that there is an isomorphism of topological (right) G(k η )-spaces (6.1)
given by sending Γ i g to G(k)(g, g i )(1×K η ). In particular, Γ i is a cocompact lattice in G(k η ) for all 1 ≤ i ≤ t.
Assume further that G is almost simple, let G = G(k η )/Z(k η ) and write
Then G acts faithfully on the affine Bruhat-Tits building B of G(k η ), making it into an almost transitive G-complex (Example 2.2). Using (6.1) and Theorem 5.2, one can show: . . , x s be representatives for the G-orbits in SB, and let L j = Stab G(kη ) (x j ) × K η (1 ≤ j ≤ s). Assume that for any automorphic representation V = ′ ν V ν of G with V L1 + . . . V Ls = 0 (resp. V Z(kη )×K η = 0), the local factor V η is tempered or finite-dimensional. Then Γ i \B is F -Ramanujan (resp. completely Ramanujan) for every 1 ≤ i ≤ t such that Γ i ≤ B G. The converse holds when Γ i ≤ B G for all 1 ≤ i ≤ t.
Applying Theorem 6.5 with G = H (cf. 6B), a suitable K η and g 1 = 1 allows one to translate the statement of Theorem 6.3 into a statement about the automorphic representations of H, which can be proved using powerful results about the latter (see [11, §7F- §7I] ).
We mention here several places where such ideas were applied in the literature, sometimes implicitly or in an equivalent formulation:
• Lubotzkly, Phillips and Sarnak [26] , and independently Margulis [34] , constructed infinite families of Ramanujan (p + 1)-regular graphs for every prime p using results of Eichler [9] and Igusa [19] about modular forms.
(See also Delinge's proof of the Ramanujan-Petersson conjecture for modular forms [7] .) In the previous setting, this corresponds to taking k = Q and G to be an inner form of PGL 2 which splits over k η .
• Morgenstern [36] used Drinfeld's proof of the Ramanujan-Petersson conjecture for GL 2 when char k > 0 [8] to construct infinite families of Ramanujan (q + 1)-regular graphs for every prime power q. Again, the corresponding group G is an inner form of PGL 2 .
• Lubotzky, Samuels and Vishne [31] [4] constructed infinite families of Ramanujan (q + 1, q 3 + 1)-biregular graphs for every prime power q. The corresponding group G is an inner form of SU (3), and they use the classification of the automorphic spectrum of G due to Rogawski [44] .
We hope our work will facilitate further results of this kind.
